It was known that isocurvature perturbation of a nearly massless cosmological axion field can lead to rotation of E-mode polarization into B-mode polarization in the cosmic microwave background (CMB) by the presence of a parity violating coupling of the field to the topological density of electromagnetism, resulting in a phenomenon known as anisotropic cosmic birefringence. In this Letter, we propose a new source of anisotropic cosmic birefringence induced by dark matter adiabatic density perturbation. If dark matter is ultralight axions that carry a coupling to photon, its adiabatic density fluctuations will induce anisotropic cosmic birefringence with a blue-tilted rotation power spectrum, thus generating CMB B-mode polarization on sub-degree angular scales. Using current POLARBEAR and SPTPol B-mode polarization data, we derive a constraint on the axion-photon coupling strength (β) and the axion mass (m),
exist serious discrepancies between observations and numerical simulations of CDM halos, which predict too much power on small scales, manifested as cuspy CDM cores in dwarf galaxies, galaxies like the Milky Way, and central regions of galaxy clusters as well as a large excess of CDM subhalos or dwarf galaxies [2] .
These discrepancies, if true, would suggest a suppressed matter power spectrum at small scales. The power suppression can be achieved in many DM models, such as warm, self-interacting, decaying, and ultralight axion (ULA) DM. It is expected that future observations of small-scale structures may distinguish between these DM models (see, for examples, Refs. [3, 4, 5, 6] ). On the other side, the feedback of baryonic processes [7] and the effect of tidal stripping [8] can significantly alter the DM distribution, thus alleviating the small-scale problem and avoiding exotic particle physics (for a review, see Ref. [9] ).
Perhaps the most motivated are the axion DM models. The best well-known is the QCD axion that was originally invented to solve the strong CP problem; as a bonus, it is a viable DM candidate [10] . Recently, it was proposed that string theory suggests the presence of a plenitude of axions, possibly populating each decade of mass down to the Hubble scale [11] . As long as the condition m > 3H, where m is the axion mass and H is the Hubble parameter, is satisfied, the axion begins to coherently oscillate with an amplitude set by its initial vacuum expectation value (vev). This constitutes a homogeneous condensate with its energy density redshifting as a −3 (where a is the cosmic scale factor). If m > 10 −27 eV, the axion condensate behaves just like CDM after matter-radiation equality. Moreover, for ULAs with masses m < 10 −20 eV, the de Broglie wave can suppress small-scale power on astronomically observable length scales [12, 6, 13] . In numerical calculations of the formation of large-scale structures using the axion field with m ∼ 10 −22 eV, it was shown that the ULA DM model may offer a viable solution to the small-scale problems [12, 14] . However, more recent constraints on m from the core radii of dwarf spheroidal galaxies [15, 16] have suggested a smaller ULA mass which is in tension with the mass found in large-scale-structure simulations [16] .
In this Letter, we assume DM to be an ULA field, Ψ ≡ M ψ, that couples to the electromagnetic field strength via (−β/4)ψF µνF µν , where β is a coupling constant and M is the reduced Planck mass. We will not specify the particle model for the axion except assuming the axion mass to be around 10 −22 eV. For such an ULA, the most stringent upper bound on β comes from the absence of a γ-ray burst in coincidence with Supernova 1987A neutrinos, which would have been converted in the galactic magnetic field from a burst of axion-like particles due to the Primakoff production in the supernova core: β < 2.4 × 10 7 [17] . The effect of this coupling to cosmic microwave background (CMB) polarization has been previously studied in many contexts such as new high-energy physics [18] , a massless pseudo-Nambu-Goldstone spectator field [19] , and scalar quantum fluctuations of the vacuum-like cosmological constant [20, 21] . It is well known that the above ψ-photon interaction leads to cosmic birefringence [22] that induces a rotation of the polarization plane of the CMB, thus converting E-mode into B-mode polarization without affecting the temperature anisotropy [23, 24] .
For the ULA being the DM component, we consider the contribution of ψ perturbation to the cosmic birefringence fluctuations.
We adopt a flat geometry,
, where a(η) is the cosmic scale factor and η is the conformal time defined by dt = a(η)dη. The ψFF term causes a rotational speed of the polarization plane of a photon propagating in the directionn [22] ,
Thomson scatterings of anisotropic CMB photons by free electrons give rise to linear polarization, which can be described by the Stokes parameters Q( x, η) and U ( x, η). The time evolution of the linear polarization is governed by the collisional Boltzmann equation, which would be then modified due to the rotational speed of the polarization plane (1) by including a temporal rate of change of the Stokes parameters:Q
where the dot denotes d/dη. This can be accounted as a convolution of the Fourier modes of the Stokes parameters with the spectral rotation that can be easily incorporated into the Boltzmann code. Now let us consider the time evolution of ψ. We split ψ into the mean field or the vev and the perturbation: ψ( x, η) =ψ(η) + ψ( x, η). When the ULA begins to oscillate at a = a osc , the energy density of the ULA condensate is given by
whereψ i is the initial vev. Hence, the perturbation is
where Ω DM and H 0 each take the present values when a = a 0 = 1. Here δ ≡ δρ/ρ is assumed to be the adiabatic DM density perturbation. In terms of their perturbation power spectra, we have
The DM power spectrum is related to that of the gravitational potential Φ by the Poisson equation:
where we have neglected baryons in the matter density.
It is useful to observe the rotation angle [25, 19, 20] . Using Eq. (1), it can be estimated as
where η 0 is the present time and η s denotes the epoch when the primary CMB polarization is generated at the last scattering surface or the reionization surface.
Hence the rotation power spectrum is given by
On the other hand, CMB photons traveling in the gravitational potential of the large scale structure are deflected by an angle given by the angular gradient of the projected potential [26] , ∇φ(n), with
where D is the comoving angular diameter distance,
Expanding the lensing potential
Hence, the lensing power spectrum is given by
In the present consideration both the gravitational lensing and the cosmic birefringence originate from the same matter density perturbation, so there is a lensing-rotation cross correlation that can be measured by making use of Eqs. (7) and (11) as
This provides a new potential cross correlation between gravitational lensing and cosmic rotation, although the correlation should be rather small. It is because CMB polarization is generated in the reionization epoch or at the last scattering surface while lensing of the CMB takes place at relatively low redshifts. It would be very interesting to consider the lensing-rotation cross correlation for lensed polarized astrophysical sources.
The lensing and the rotation of the CMB polarization lead to a remapping of the primary polarization,
Then, using the lensing and the rotation power spectra, respectively given in Eq. (12) and Eq. (8), in the limit of weak lensing and small rotation angle, we can approximate the total induced B-mode polarization power spectrum by
where we have assumed primary E modes only and the matrix is the Wigner 3-j symbol. The first term is the well-known weak lensing B-mode [27] and the second is the birefringence B-mode [25, 19, 20] . Since the effects of the lensing and the rotation on the CMB polarization are orthogonal, the lensing-rotation cross correlation (13) is absent in Eq. (15) to all orders . Also, note that both
and C EB l power spectra vanish due to the fact that the ensemble averages
and C
EB l
are non-zero and can be used to estimate the rotation power spectrum in a local universe [28] .
In the following, we will adopt Planck 6-parameter LCDM model [1] as the base cosmology to compute the B-mode polarization power spectrum (15) .
For the lensing B-mode, we introduce a parameter A L , which scales the C φφ l power spectrum at each point in parameter space, and which is used to lens the CMB spectra. The base value of the lensing parameter is A L = 1. For the birefringence B-mode, we define the cosmic birefringence parameter A CB ≡ β 2 (10 −22 eV/m) 2 . Recent CMB B-mode data has revealed a significant level of galactic polarized dust emission on large angular scales [29, 30] . Here we follow the model motivated by the Planck results for the dust contribution at 150GHz with a B-mode power spectrum [29] ,
Now we compare our predicted power spectra with recent sub-degree-scale B-mode measurements made by POLARBEAR [31] as well as SPTpol [32] . We do not use ACTpol B-mode data [33] because the data has relatively large uncertainties. The measurements of B-mode polarization at degree angular scales made by BICEP2/Keck Array [34] are less sensitive to the lensing and cosmic birefringence B modes, so they are only for the use of determining the dust Bmode power spectrum (16) . Hence, we subtract the dust polarization foreground from the measured polarization power assuming the dust power spectrum (16), and then minimize the chi-square values over the 2-dimensional parameter space (A CB , A L ):
where M bb ′ is the covariance matrix. C ing cosmic birefringence induced by the ULA dark matter. Figure 3 shows the blue-tilted rotation power spectra for the recombination and the reionization with A CB = 8 × 10 15 , which we have used to produce the birefringence B-mode power spectrum in Fig. 2 .
Recently, constraints on the rotation power spectrum have been derived from WMAP 7-year data using T BT B four-point correlations [35] , WMAP 9-year data using two-point correlation function [36] , and POLARBEAR data using EBEB four-point correlations for a null test [37] . The POLARBEAR upper limit on the amplitude of a scale-invariant rotation power spectrum, l(l + 1)C αα l /(2π) = 10 −4 A, is given by A < 3.1 (at 95% c.l.) [37] . We have done the same likelihood analysis as above using a scale-invariant rotation power spectrum. From POLARBEAR BB power spectrum, we obtain A < 3.2 when assuming no lensing (A L = 0), which is consistent with the POLARBEAR limit. Marginalizing A L gives a tighter upper limit, A < 2.07, which is in accordance with the results in Ref. [37] . From SPTpol BB power spectrum, we obtain the maximum likelihood value of A L = 1.02 and marginalizing A L gives A < 1.36
(at 95% c.l.), which is the tightest constraint on the scale-invariant rotation power spectrum. We stress that this constraint does not apply to the ULA induced rotation power spectrum because of its blue-tilted spectrum shape.
In conclusion, we have proposed a new source of CMB B-mode polarization induced by birefringence fluctuations of ultralight axion dark matter. The power spectrum of this birefringence B-mode polarization peaks at sub-degree angular scales and may be at a level detectable in on-going CMB lensing B-mode searches such as ACTpol, POLARBEAR, and SPTpol experiments. Interestingly, it may dominate over the lensing B-mode power spectrum at higher-l range. Thus, it would be very important to make precise measurements of B- mode polarization at sub-degree scales to disentangle the two B-mode signals.
The current experimental sensitivity in measuring lC BB l is of order 10 −3 µK 2 , which is at the same level of the B-mode signals (see Fig. 2 ). In future CMB-S4 polarization experiments, the sensitivity will be tremendously improved to ∼ 10 −6 µK 2 for l < 5000 [38] , so consistency of sub-degree B modes with the lensing of E modes will test the present ULA model in a well-defined way.
Both B modes originate from the same dark matter power spectrum, though converted differently from the CMB E-mode polarization, so they will display cut-off power spectra at the ULA Jeans scale (l ∼ 10 4 ). In principle, one can use similar de-lensing methods [39] or lensing as well as rotation contributions to CMB bi-spectra [27] , assisted with the cross-correlation (13), to perform delensing and de-rotation simultaneously to separate them. More investigations along this line should be in order.
We have also derived the cross correlation in Eq. (13) between the lensing and the rotation of CMB in the ULA model. The cross correlation can be equally applied to any astrophysical polarized source to provide an independent test of the ULA model. Furthermore, we have considered adiabatic DM density perturbation in this work. Including isothermal density perturbation would be an interesting extension.
